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A mean-field model is developed that superimposes the fluid-solid potential on a
fluid equation of state to predict adsorption on a flat wall from vapor, liquid, and
supercritical phases. A van der Waals-type equation of state is used to represent the fluid
phase, and is simplified with a local density approximation for calculating the configu-
rational energy of the inhomogeneous fluid. The simplified local density approximation
makes the model tractable for routine calculations over wide pressure ranges. The model
is capable of prediction of Type II and III subcritical isotherms for adsorption on a flat
wall, and shows the characteristic cusplike behavior and crossovers seen experimentally

near the fluid critical point.

Introduction

Physical adsorption of high-pressure fluids onto solids is of
interest in the transportation and storage of fuel and radioac-
tive gases; the separation and purification of lower hydrocar-
bons; solid-phase extractions; adsorbent regenerations using
supercritical fluids (Tan and Liou, 1988, 1990); supercritical
fluid chromatography (Strubinger and Parcher, 1989); and
critical-point drying (Rangarajan and Lira, 1992). Under-
standing the thermodynamics and structure of the gas-solid
interface is essential to the understanding of heterogeneous
catalysis and wetting phenomena (Findenegg, 1983). While
there are a large number of theoretical and experimental
studies of adsorption below the critical temperature, there
are few studies of adsorption near or above the critical tem-
perature of the fluid. Such studies are especially relevant to
the storage of methane at ambient temperatures (7, =1.57)
at reasonably high densities.

Theoretical approaches to understanding and predicting
adsorption range from simple empirical fits (Freundlich/Toth
isotherms) to theoretically sound methods such as molecular
dynamics (MD) and Monte Carlo (MC) simulations. Com-
puter simulations such as the grand canonical ensemble
Monte Carlo semiquantitatively predict the cusplike behavior
near the critical point (van Megan and Snook, 1982). How-
ever, such methods are computationally intensive. Simula-
tions are difficult near the critical point due to fluctuations,
and require a large number of molecules and consequently
significant amounts of supercomputer time. Statistical me-
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chanical theories such as the density functional theory are
also computationally intensive, although they are about two
orders of magnitude faster than computer simulations (Gub-
bins, 1990). On the other hand, the traditional empirical and
semiempirical methods that are computationally undemand-
ing are unable to account for the wide variety of shapes of
adsorption isotherms seen near the critical region.

Reliable experimental measurements of the adsorption of
fluids onto well-characterized solids are essential in order to
test the different theories of adsorption. One of the best ad-
sorbents for this purpose is graphitized carbon black (g.c.b.
or Graphon), which provides a molecularly smooth, non-
porous, energetically homogeneous surface. Findenegg and
coworkers have used graphitized carbon black and measured
the high-pressure adsorption of a variety of gases including
ethylene, propane, argon, and krypton at temperatures near
and above the fluid critical temperature (Findenegg, 1983).
Adsorption isotherms of ethylene on graphon in subcritical
and supercritical regions are shown in Figure 1. Figure 2
shows adsorption isotherms of krypton on graphon at tem-
peratures well above the critical temperature (7, = 1.2 — 1.78).
A wide variety of fascinating behavior is seen in adsorption
isotherms in the near-critical and supercritical regions
(Menon, 1968; Findenegg, 1983). To model the different be-
haviors in subcritical and supercritical adsorption isotherms,
Findenegg and coworkers (1983) use the Frenkel-Halsey-Hill
theory (Hill, 1952) to represent adsorption in the subcritical
region and a corresponding states argument for the supercrit-
ical region.
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Figure 1. Surface excess of ethylene on graphitized
carbon black as reported by Findenegg
(1983).

Figures 1 and 2 demonstrate crossovers of the adsorption
isotherms of pure fluids above the critical pressure. Conse-
quently, this behavior plays an important role in the design of
supercritical fluid adsorbers/desorbers. Tan and Liou (1988,
1990) found that for carbon in equilibrium with toluene and
supercritical CO, there are crossovers of the equilibrium
toluene loadings at different temperatures, which occur above
the critical pressure of CO,. As the bulk concentration of
toluene is increased, the crossovers shift to higher pressures.
Akman and Sunol (1991) using the Toth equation for the ad-
sorbed phase and a cubic equation of state for the fluid phase
modeled such fixed-bed supercritical desorbers. Simple mod-
els that can predict such crossovers will be extremely useful
in the design of fixed-bed adsorbers/desorbers and in the field
of supercritical fluid technology.
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Figure 2. Specific surface excess (mass adsorbed per
mass of solid) for krypton on graphitized car-
bon black as reported by Findenegg (1983).
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The focus of this article is to develop a simplified-local-
density (SLD) mode!, and demonstrate its application in pre-
dicting pure fluid adsorption isotherms over wide pressure
and temperature ranges. The SLD model developed in this
work superimposes the fluid-solid interaction potential on the
van der Waals equation of state. Our intention is to present
the concepts necessary to adapt common cubic equations of
state for describing the adsorption phenomenon. The SLD
model is intended to bridge the gap between the computa-
tionally intensive but theoretically sound statistical mechani-
cal models and the undemanding, empirical methods. The
SLD concept should be a useful engineering supplement to
other available models, and is not intended as a replacement
for the statistical mechanical models. In the next section we
describe the model, its solution, then briefly discuss various
limiting cases. Model predictions are compared with experi-
mental data from literature. Finally, we discuss some of the
limitations of this model, and suggest improvements utilizing
more accurate mean-field models.

Model Development

While adsorption is expressed in several different ways, it
is unambiguously defined by the surface excess (T'®*), the ex-
cess number of moles per unit area of adsorbent. The surface
excess is defined as

I = [ (p(2)~ puu) dz §

29

where p(z) is the molar density of the fluid at a distance z
from the surface of the solid, and py,, is the bulk density of
the fluid. Bulk fluid is defined as fluid far from the adsorp-
tion surface, where the fluid-solid potential is zero. The lower
limit of integration is the surface of the solid, and is taken as
the plane at zy = oy;/2. The surface excess is sometimes ex-
pressed as the excess number of moles per unit mass of ad-
sorbent.

The model developed here has a basis similar to the Polyani
potential theory, where the adsorbent exerts an attractive po-
tential on the adsorbate. The model is also similar to the
approaches of Barrer and Robins (1951), Hill (1949), Sullivan
(1979), and Kung et al. (1990). The attractive potential be-
tween the fluid and solid, at any point z, is assumed to be
independent of temperature and the number of molecules at
and around that point. At equilibrium, the molar chemical
potential w is calculated by contributions from fluid-fluid and
fluid-solid interactions

b= ppue = #pr(2) + pg(2) @

where the subscript “bulk” refers to the bulk fluid, the sub-
script ff to the fluid-fluid interactions, and the subscript fs
to the fluid-solid interactions. Equation 2 requires that at a
distance z from the wall, the sum of the chemical potential
due to the fluid-fluid interactions and the attractive potential
exerted by the solid on the fluid remains constant. While such
an equation has been written from the principles of chemical
equilibrium for a gravitational field (Denbigh, 1981), this fun-
damental result has also been derived by minimizing the grand
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potential (Evans, 1979; Rowlinson and Widom, 1982; Davis
and Scriven, 1982).

If the fluid-solid potential per molecule is ¥(z}, then the
molar fluid-solid potential is given by

p(2) = NW(2) 3)
where N, is Avogadro’s number. Therefore
#rr(2) = ttpuc — Ny ¥ (2). 4)
For a nonideal bulk fluid
Lo T) = pnolT) + RT In(fyy/fo) (5)

where fi,; is the bulk fugacity and f;, is a reference fugac-
ity. For an inhomogeneous fluid,

/.Lf/(Z)zl""()(T)+ RTln[ff/(Z)/fO] (6)

where f/,(z) is the fluid-fluid contribution to the fugacity of
the fluid at a position z. Equations 4, 5, and 6 lead to

ff:/'(z)=fbulk exp[—‘l’(z)/(kT)] (7)

It should be noted that W(z) is negative when attractive,
leading to an increased fugacity near the wall. The fluid
chemical potential consists of a repulsive contribution u,.,
and an attractive contribution u,, (Vera and Prausnitz, 1972),

Mpr = Hpep t My (®)

For a homogeneous fluid, using the van der Waals equation
of state

foey = RTUN[RT/ (v — b)]+ b/(v — b)} )

where v is molar volume and b is the van der Waals con-
stant. The attractive potential is given by

g(r)

14

pae = [ $()—=aV (10)
Vv

where I denotes the volume of integration (all space occu-
pied by the fluid), ¢(r) the two-body interaction potential,
and g(r) the radial distribution function, which is taken to be
a constant outside the hard-sphere diameter for a van der
Waals fluid (McQuarrie, 1976). In the case of a homogeneous
fluid (v # »(2)) Eq. 10 simplifies to the common form

~2ap,

Ha = (an
v

where ay,, is the van der Waals constant. In order to evalu-
ate the integral in Eq. 10 for an inhomogeneous fluid, if the
density changes with position more gradually than ¢(r) does,
then one needs to include density as a function of position.
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Equation 10 suggests that a feasible approximation might be
to use a density at the local position for evaluation of the
integral. In other words, the fluid at point z is trcated as a
homogeneous fluid at a density of p(z) [such an approxima-
tion is the one used by Barrer and Robins (1951, Since the
two-body potential ¢(r) is short-ranged (o 1/r°), and the
product of ¢(r)and p(z) appears in the configurational inte-
gral (Eqg. 10), it secms reasonablc that most of the valuc of
the integral (at z) results from contributions of ¢(r) and p(z)
near z. Far from the given point z, where p(z) changes, the
two-body potential ((r)) will approach zero. Since the den-
sity of the fluid is larger closer to the attractive wall and
smaller farther away from the wall, some of the errors intro-
duced by this approximation cancel, although the approxima-
tion will not be as good ncar a phase transition. The term
“Jocal” refers to the fact that all thermodynamic propertics at
point z are calculated using a single density value, p(z), a
“local average” density, and are not calculated from gradients
in density about the point z. This approximation is called the
local density approximation.

Using an cquation of state, an expression for fugacity in
terms of the molar density or volume can be derived. The van
der Waals cquation of state Icads to the following expression
for fugacity for a homogencous fluid:

fbulk = RT/( v b)exp[b/(v - b)~2ahu”\/( VRT)] (12)

For an inhomogeneous fluid, the problem is one of calculat-
ing the density profile p(z) that satisties Eq. 7. Following
Hill (1951), Sullivan (1979), and Kung et al. (1990) we assume
the short-range repulsive forces determine g, by the local
density. If we assume that g is also determined by the den-
sity of p(z}(local density approximation), then we can rewrite
Eq. 12 to calculate density as a function of z

fi(2) = RT/[v(z)—blexp{b/lv(z)~ b]
—2a(z)/[v(z)RT]} (13)

where a(z) is evaluated from the integral given in Eq. 10, in
which the molar volume in the denominator is approximated
by the local molar volume at z. In the model of Barrer and
Robins (1951), the van der Waals ¢ is independent of z,
[a(z) = a,.]. In the present model, for a flat wall, we cx-
clude from the integral of Eq. 10 that portion of space occu-
pied by the solid adsorbent. This leads to the following ex-
pressions for a(z) (see the Appendix):

5 6 z
a(z) = ap, for

4
—_— 0.5<—<1.
TR <—=<15 (14)

7
z
for 1.5<-—<% (15)

:
z 1Y\ O

o 2L i
o 2

27 R*T?
Apux = o _—~P(.. .

a(z) = ap |1~

where

(16)
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Algorithm for Determination of Density Profile

Given a bulk fluid pressure and temperature, the bulk den-
sity and bulk fugacity are calculated. Since the fluid-wall po-
tential is chosen, Eq. 7 provides the fugacity at a point z,
frr(2). The value of the van der Waals a(z) is calculated from
Eqs. 14-16. Equation 13 is then solved iteratively for v(z).
Below the critical point there may be three values of » that
will satisfy Eq. 14, and the stable root is the root that gives
the highest pressure. These calculations are performed over z
and the surface excess is then generated from Eq. 1. A FOR-
TRAN program capable of generating adsorption isotherms
is available (Rangarajan, 1992), and may be obtained from
the authors. At a given temperature, this program utilizes the
critical temperature and pressure of the fluid, the fluid-solid
interaction potential, and the size of the fluid and solid
molecules to calculate the surface excess as a function of
pressure, and the density as a function of position.

Results

The SLD model discussed here superimposes the attrac-
tion of the fluid molecules to the wall onto the attraction of
fluid molecules to one another. The asymmetry of fluid-fluid
interactions near an inert wall is incorporated into the equa-
tions for a, the attractive constant. At an inert wall [z =
050y, Y(z) =0}, these calculations predict that a
apu/2, which when combined with Eq. 16 leads to T, =
T yu /2, the mean field prediction of the two-dimensional
van der Waals model of deBoer (1953). Several other limiting
cases are discussed below and compared with theory, com-
puter simulations, and experiments.

wall —

Hdeal gas — hard wall

For an ideal gas and hard wall, there are neither fluid-fluid
infermolecular attractions, nor fluid-wall attractive forces:
Thercfore, a=0, b=0, and ¥(z)=0, f=P, and Eq. 7 re-
duces to P(z)= P, . When combined with the ideal gas law
this reduces to p(z) = p,., and as expected there is no ad-
sorption.

Ideal gas — attractive wall

Here a=0, b=0, f= P. Equation 7 exactly reduces to
P(z)= P, exp [— ¥(2)AKT)]. With the ideal gas law this
gives p(z) = pyux exp [— W(2)ALT)). The surface excess is

= [ (p(2)= ppup) dz
= p,,“,kfx{exp[— V() A kT)) -1} dz. (A7)

Since the integral is constant, and p,,, proportional to the
pressure Py, this leads to Henry’s law.

Attractive fluid — hard wall

For an attractive fluid and hard wall, «> 0, b>0, and
W(z)=0, f(z)= f,.u.- The model predicts a reduced density
near the wall, because of attraction of the fluid molecules
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Table 1. Molecular Properties Used in SLD Model
System oyr(nm) oy (nm) €7,/k(K)
Ethylene-graphon 42.2 38.1 450, 23
Krypton-graphon 35 345 225

near the wall to fluid molecules in the bulk. In fact a vapor-
liquid phase transition is seen adjacent to the wall for certain
cases when the bulk fluid is liquid. This is similar to the ob-
servations of Abraham and Singh (1978).

Attractive fluid — attractive wall

For this case, a >0, b> 0, ¥(2) <0, In general, for an at-
tractive fluid near an attractive wall an increase in density is
exhibited near the wall, depending on the magnitude of ¥(z).
If the wall-fluid forces are stronger than the fluid-fluid forces,
the fluid will wet the wall; otherwise there will be a rarefac-
tion of gases near the wall. To represent the interactions of
the adsorbate and adsorbent we have chosen the partially in-
tegrated 10 —4 potential model (Lee, 1988)

al 141
¥(z)= 4wpa,0msefsafg(?f%o -5 X 74) (13)

i=1"

where p,,ms = 0.382 atoms/A? and x; is the intermolecular
distance between fluid molecular centers and the ith plane of
solid molecules. We have truncated the interactions at the
fourth plane of solid atoms, where the interplanar spacing is
3.35 A. Table 1 summarizes other parameters used in this
work. Note that € is not tabulated because the fluid-fluid
contribution is calculated from Egs. 14-16 and not directly
from €. Steele (1974), Nicholson and Parsonage (1982), and
Lee (1988) offer a further discussion of fluid-solid potentials.

Figure 3 shows adsorption isotherms that were calculated
using the 10—4 potential of Eq. 18 and the parameters for
ethylene and graphon in Table 1. The curves are qualitatively
similar to Figure 1. A knee is present, the magnitude of which
can be increased by increasing the solid-fluid interaction en-
ergy €, (Figure 3 also shows calculated adsorption isotherms
for condensed phases at subcritical temperatures above the
bulk vapor pressure that are not present in Figure 1). Some
characteristic features of adsorption of near-critical fluids are
the cusp-shaped isotherms seen near the critical point, and
the “crossover” of adsorption isotherms at different tempera-
tures. Consider the effect of temperature at a fixed pressure
below the critical pressure. Below the critical pressure, ad-
sorption decreases with increasing temperature, but this trend
is reversed above the crossover region at pressures above the
critical pressure. The crossover of the isotherms is eliminated
by plotting the calculated surface excess with respect to cal-
culated bulk density as shown in Figure 4. The reason for the
cusplike behavior of a supercritical isotherm in Figure 3 can
be understood from the calculated density profiles shown in
Figure 5. Below the critical pressure region, the adsorbed
layer increases in thickness faster than the bulk density in-
creases. Above the critical pressure region, the bulk fluid be-
comes increasingly incompressible, and the bulk fluid density
approaches the density of the adsorbed fluid, causing the sur-
face excess to decrease.

Vol. 41, No. 4 841
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Figure 3. Surface excess of ethylene on graphitized
carbon black as predicted by the SLD model
using parameters in Table 1.
The critical temperature of ethylene is 282.4 K.

Type I1I isotherms are normally observed when the attrac-
tion between the solid and fluid is weak. Figure 6 demon-
strates the capability of the SLD model for prediction of Type
IIT isotherms. In this case, the fluid parameters are for ethy-
lene, but the magnitude of the €, has been decreased. The
smaller €, results in elimination of the knee and yields a
Type III adsorption isotherm. At very low pressures and tem-
peratures, a discontinuity in the adsorption isotherms is pre-
dicted (not shown here), indicating a phase transition in the
adsorbed phase similar to those discussed for a two-dimen-
sional model (Ross and Olivier, 1964). At high pressures,

---T1=323 K

] ---- T=303 K
T e T=293 K
ol — T=283 K
T T T T ! A
0.000 0.002 0.004 0.008 0.008 0.010

Density (moles/cm?)
Figure 4. Surface excess of ethylene on graphitized
carbon black from Figure 3 replotted with bulk
density.
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Figure 5. Density profiles from SLD model for ethylene

on graphitized carbon black as predicted by

the SLD model at a temperature of 283 K.

The position is measured by z/ay.

when the bulk fluid exists as a liquid, the SLD model can
predict a negative surface excess when ¢, is small. Negative
surface excesses have also been predicted by Sullivan (1979).
Figure 7 shows some predicted adsorption isotherms of kryp-
ton on graphon, at temperatures far above the critical tem-
perature. When compared with experimental data shown in
Figure 2, the predictions are again qualitatively correct. This
model predicts some gas-liquid transitions on the surface,
similar to the transitions seen in the experiments of Thomy
(Bienfait, 1980).

Discussion

There are a number of methods used to predict adsorp-
tion, and these methods range from simple empirical fits to
fundamentally sound molecular simulations. One of the most
popular empirically adjusted models for adsorption is the
Langmuir isotherm, a two-parameter equation. The Lang-
muir equation is only valid for monolayer adsorption, and
therefore predicts only Type I isotherms. The Brunauer-Em-

Pressure (bor)

Figure 6. SLD model showing Type lIl behavior.

Parameters are as for Figure 3 except e/k =23 K.
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Figure 7. SLD model for surface excess of krypton on
graphitized carbon black using parameters
from Table 1.
The critical temperature of krypton is 209.4 K.

met-Teller (BET) theory extends the Langmuir theory to
multilayers. However, some of its limitations are due to the
assumptions made in developing the theory: (1) the surface is
energetically homogeneous; (2) there are no lateral adsorbate
interactions; (3) adsorption is localized—adsorbed molecules
are fixed on sites and do not laterally move; (4) the heat of
adsorption in the second and higher layers is the same as the
heat of condensation. Most of these assumptions are valid for
pressures in the range 0.05 < P/P*® < 0.35, where the high en-
ergy sites are filled but extensive multilayer condensation has
not commenced. The BET theory is limited to subcritical
temperatures, and assumes an ideal gas vapor phase, al-
though corrections can be applied.

A different approach treats the adsorbed phase as a two-
dimensional fluid, and uses a two-dimensional equation of
state to represent the adsorbed layer (Hill, 1946, 1947, 1948;
de Boer, 1953). The two-dimensional equations of state allow
for interactions between fluid molecules in the first adsorbed
layer. Neither the Langmuir nor the BET theory allow for
interactions between molecules, either on the surface or be-
tween molecules in different layers.

The simplified local density model builds on these various
approaches. By treating the fluid with a van der Waals equa-
tion with a suitably modified a, the SLD model allows for
interactions between adsorbed molecules at various distances
from the wall. All of the models mentioned earlier (including
ours) assume an energetically homogeneous surface. The ef-
fect of heterogeneity will be pronounced at extremely low
pressures and coverages, where the high energy sites are un-
filled. To represent a heterogeneous surface, one could fit
the potential to adsorption in the Henry’s law region, and
then work with a pseudohomogeneous surface.

The limitations of the model can be attributed to (1) the
lack of structure in the fluid; (2) the use of the local density
approximation; and (3) the use of the van der Waals equation
to describe the fluid properties. Since we are using the van
der Waals equation and a mean field approach, we do not
predict any of the fluid structure seen using either computer
simulations or density functional theory (Snook and Hender-
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son, 1978; Vanderlick et al.,, 1988; Kierlik and Rosinberg,
1991). This model cannot describe discrete fluid structure or
be used to study packing near a wall. The use of the local
density approximation also results in the physically unrealis-
tic prediction of abrupt vapor-liquid interfaces. Despite the
fundamental theoretical limitations of the model, since model
predictions mimic experimental trends, this model may be ac-
ceptable for engineering calculations. In order to estimate the
errors introduced by the use of the local density approxima-
tion, Eq. 10 was solved keeping the density inside the inte-
gral, leading to an integral equation (IE) (Pyada, 1994). When
compared, solutions to the SLD model and IE approach
showed differences that were dependent on pressure, tem-
perature, and magnitude of the gas-solid interaction poten-
tial. For the adsorption of ethylene on graphon, the SLD
model tends to underpredict adsorption (relative to the inte-
gral equation (IE)) by about 10-20% between 0.9 < T, < 1.1,
except where the surface excess increases steeply at high
pressures. At pressures near 1 bar, the differences are less
than 1%. These comparisons show that the local density as-
sumption can provide a reasonably approximate solution to
the adsorption problem.

A limitation of the van der Waals-based SI.D model is the
fact that predicted magnitudes of adsorption and vapor pres-
sures are incorrect. For accurate prediction, the equation of
state must be able to correctly predict the vapor pressure and
liquid density. The inaccuracies of the van der Waals equa-
tion in this regard are well documented. In order to repre-
sent the fluid properties any equation of state can be used,
provided the repulsive and configurational contributions can
be separated for use in Eq. 7. The selection of the van der
Waals equation as the basis of this work was due to the fact
that it is the simplest and most easily adapted equation of
state with a theoretical basis. The objective of this work is to
demonstrate that the proposed approach provides qualitative
predictions with the van der Waals equation, and lay down
the framework required to use a more accurate equation of
state. A comparison of Figures 1 and 3 shows that the SLD
model exhibits poor prediction of the vapor pressure for sub-
critical isotherms, but does better at predicting the pressure
of the maxima in the supercritical isotherms. This is because
the van der Waals parameters a and b were obtained from
the critical temperature and pressure. The ¢, in Table 1 have
been selected to provide a semiquantitative fit to the magni-
tude of experimental adsorption.

Future work will incorporate equations of state that are
more capable of representation of fluid properties for engi-
neering calculations. In fact, preliminary results using the
Peng-Robinson equation of state show improved accuracy in
predicting the magnitude of adsorption using temperature-in-
dependent parameters (Pyada, 1994). Cubic equations are
widely used in industry, and a method that adapts them to
the adsorption problem could find widespread use in process
calculations. Future work will also address extension of the
model to Type I, IV, and V isotherms, and multicomponent
mixtures.

The SLD model serves as a good first approximation and
can provide rapid surveys of adsorption behavior to guide
more detailed and time-consuming simulations. This model is
not intended to replace any of the more complete theories
such as Monte Carlo simulations, molecular dynamics, or
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density functional theory, but instead provides a simple and
approximate solution to the adsorption problem. The model
may be viewed as a compromise or a bridge between the 2-D
van der Waals model, Frenkel-Halsey-Hill theory, and more
rigorous density functional or integral equation approaches.

Conclusions

A simple model based on spatial invariance of chemical
potential, along with a cubic equation of state can model a
variety of adsorption isotherms over large pressure and tem-
perature ranges. The SLD model provides information about
the density profile of the adsorbed fluid. Under certain con-
ditions the SLD model may predict phase transitions at the
surface and transitions between adsorbed layer and bulk fluid,
or may predict negative adsorption. In the subcritical region
the SLD model predicts Type II and III isotherms on flat
walls. In the supercritical region the model shows the experi-
mentally observed cusplike behavior near the critical pres-
sure, as well as the crossovers seen experimentally at higher
pressures. Future work will address quantitative modeling of
adsorption.

Notation

k = Boltzmann’s constant
P, P’ =pressure, vapor pressure
T =temperature
z,, =distance of closest approach to fluid to wall

Subscripts

¢ =critical state
f=1fluid property
hs =hard-sphere contribution
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Appendix: van der Waals Equation and Configu-
rational Energy Calculations

If we consider a canonical ensemble, the partition function
Q is given by (Vera and Prausnitz, 1972)

1 &\ q i
- N o r.v,e
Q=Y (eXp 2kT) ( A )
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where A = h/ 27 mkT)V?. The Helmholtz energy 4 and the
pressure are related to the partition function:

dA dlnQ
P s =kT( )
(9V T,N t?V T,N
JlnV, Nad/2
_pn 2 A0
v v
Prep+Patt

where the molecular rotational, vibrational, electronic parti-
tion function, g, ,, is assumed to have no volume depen-
dence. The van der Waals free volume Vf, for a system with
N molecules, is given by

V=V Nb
f NA'

The repulsive part of the pressure is

If @ is the sum of two-body interactions between an arbitrar-
ily selected central molecule and all other molecules around
it, ¢(r) is the two-body interaction potential, and g(r) the
radial distribution function, then

e N
® = [0 7¢>(r)g(r)4w2dr

For a van der Waals fluid, following McQuarrie (1976), g(r)
=0, for r < o, and g(r)=constant, for r > o, where o is
the hard-core radius of the fluid molecule. To simplify nota-
tion, the subscript ff is omitted from ¢ throughout the Ap-
pendix.

If we assume that the molecules interact with an infinite
hard-core repulsive potential and an inverse-sixth attractive
potential, then for r > o,

6

a
d’(r) =— Eff?—

where €, is the maximum energy of attraction between a
pair of fluid molecules. In the bulk fluid, this leads to

- 4776ff0'3NA
3
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Nonhomogeneous systems

Consider a fluid molecule of diameter o at location z in
the vicinity of a wall, where 0.50 < z<150¢. For conve-

nience of integration we define a cylindrical coordinate sys-
tem with the origin at an arbitrary molecular center at z, let
y be a dummy variable to denote axial distance and let r
denote radial distance. The configurational energy can be
calculated from the two integrals:

&, =~ ¢,0°N ( ) drd,
1= & fg/z) [ﬁ——p y rdy
w o p(y)2ar
®, = ¢;0°N, L2 drdy
=N, (2 +r2)

O=D,+,.

With the local density approximation: p(y) = p(z)
5
=—1/2¢50 NArrp(z)( g)
Since a is proportional to @, for 0.5¢ < z < 1.5¢, we find
6 z)
+——].
16 o

For 1.50 < z <wx, the integration is performed in three parts:

a(z)

Apulk

D(z) _( 5
Dy p(z))  \16

- @ ( )2’7Tr
P, =- effoﬁNAf / —p—y———3-drdy
{o/2)- 270 (y2+r2)
p(y)2mr
2_—Effo-NA[ '/’\/;T(y +r)drdy
© .o p(y)2mr
D,=- €”g-6NAfU jt; mdrdym

With the local density approximation p(y)= p(z) these can
be integrated to give

4 1
= — 3 -_
d ;0 N, mp(2) 3 ) PR
o=
a (1] 1
- =l1- E
pak Poan ( z 1 )
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o 2

and

Note that at z = 0/2, a=ay,,/2, and at z =%, 4= ay,,.
Note also that a and its derivative with respect to z are con-
tinuous functions at z=1.50.
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